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Introduction
Let F be a non-archimedean local field. To classify the smooth representations of
GLN(F ), C. Bushnell [1] defined a fundamental stratum, consisting of an open com-
pact subgroup and its finite-dimensional irreducible representation. Bushnell proceeded to
prove that any irreducible smooth representation contains a fundamental stratum, confirm-
ing the previous conjecture of A. Moy (although this author called it a minimal K-type).
This classification was completely solved by Bushnell–Kutzko [2], and developed to the
theory of types for a reductive algebraic F -group in [3,4]. Let the field F be of residue
characteristic not two. Having generalized the method of [1], L. Morris [13] defined a fun-
damental stratum and proved an analogous fact for a classical group. Unfortunately, there
is a gap in the proof of one of the main theorems of this study, specifically Theorem 8.8
(see 2.2). The second author of the present study close this gap for the classical group G
of an unramified hermitian form (see 1.1), in [12]. In this paper, following the arguments
of [13], we modify the fundamental stratum to define a fundamental C-stratum for such
a classical group G, and prove that any irreducible smooth representation of G contains
a fundamental C-stratum. Further, following Stevens [20], we define a split fundamental
C-stratum, which is a generalization of a separated minimal K-type described in [9] for
GLN(F ) (also [2, 2.3]). We will be able to pursue analogues of Kutzko [11] and Brous-
sous [5] by using split and non-split fundamental C-strata. We must emphasize that our
results are essentially based on those of Morris [13].
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subgroup of a classical group G, and on the Lie algebra g of G, both of which are defined
in [13]. These filtrations are given by a pair of two lattice chains (L,M), which is called
a C-chain. It will be seen that the C-chain is also a self-dual lattice sequence, Λ, with
period e(Λ), due to Bushnell–Kutzko [4] and Stevens [19]. The lattice sequence Λ is
denoted by (L,M), and the filtrations are denoted by PΛ,i for non-negative integers
i and gΛ,n for any integers n, respectively. In Section 2, we define a fundamental C-
stratum to be a triple (Λ,n,ψ) such that it consists of a C-chain Λ = (L,M), a non-
negative even integer n, and an irreducible representation, ψ , of a certain finite group
which satisfies a cuspidal condition. We call n/e(Λ) the level of (Λ,n,ψ). If the level is
positive, then ψ = ψb is a character of PΛ,n trivial on PΛ,n+1 corresponding uniquely to a
coset b+gΛ,1−n ∈ gΛ,−n/gΛ,1−n. We will prove the existence of a fundamental C-stratum
as described above. In Section 3, we prove that if an irreducible smooth representation π
of G does not contain fundamental C-strata of level zero, there exists a fundamental C-
stratum (Λ,n,ψ) of positive level and with gcd(e(Λ),n) = 2 contained in π . To each
fundamental C-stratum (Λ,n,ψb) of positive level, we associate a monic polynomial,
φb(t), with coefficients in the residue class field of F . We remark that if an irreducible
representation π of G contains a fundamental C-stratum (Λ,n,ψb) of positive level such
that gcd(e(Λ),n) = 2, and the characteristic polynomial φb(t) is not divided by t , then
π also contains a special fundamental C-stratum (Λ,n,ψb) of positive level such that
Λ = (L,M) satisfies L ∩M= ∅.
1. C-filtrations
1.1. Let F be a non-archimedean local field of residue characteristic = 2, with a
(possibly trivial) Galois involution, σ0, with fixed field F0. Let O be the maximal order
of F , P the maximal ideal of O , and F = O/P the residue class field of F . Let O0 and
P0 be the objects for F0 similarly for F . Henceforth, we assume that F/F0 is unramified,
and fix a uniformizer,  , of F , such that σ0() =  .
Let V be a finite-dimensional vector F -space, equipped with a non-degenerate (, σ0)-
sesquilinear form f , where  = ±1. Thus
f (λv,w) = λf (v,w) = σ0
(
f (w,λv)
)
,
for all v,w ∈ V and for all λ ∈ F . We shall say that the form f with the condition on F/F0
given above is unramified hermitian. Denote by EndF (V ) the ring of all F -endomorphisms
of V , and by GLF (V ) the general linear group of V . Let G be the isometry group of the
space (V ,f ), that is,
G = {g ∈ GLF (V ) ∣∣ f (gv,gw) = f (v,w) for all v,w ∈ V }.
The involution, σ , on EndF (V ) is defined by the form f as follows: for X ∈ EndF (V ),
σ(X) ∈ EndF (V ) is determined by the formula
f (Xv,w) = f (v,σ (X)w)
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g = {X ∈ EndF (V ) ∣∣X + σ(X) = 0}.
1.2. We recall notation and definitions of [13] and modify them slightly.
Here and from now on, let Z be the ring of integers. Recall that a lattice chain in V
is a family L of O-lattices in V which is totally ordered by inclusion and closed under
translations by F×. We can find lattices Li , 0 i  e − 1, in L such that
L0  L1  · · ·  Le−1
and such that L ∈ L implies L = P tLi for some 0  i  e − 1 and some t ∈ Z. We
say that e is the period of L, and denote it by e = e(L). Furthermore, we say that
L0  L1  · · ·  Le−1 is a slice for L.
For a O-lattice L in V , the dual lattice L# is defined by
L# = {v ∈ V ∣∣ f (v,V ) ⊆ P}.
It may be noted that in particular L## = L.
Remark 1.2.1. The definition of L# is in accord with that of Stevens [19], but differs from
that of Morris [13, 4.2].
For a lattice chain L= {Li}i∈Z in V , the dual lattice chain L# is also defined by
L# = {L′i = (L−i )#}i∈Z. (1.2.1)
We say that a lattice chain L in V is self-dual if it satisfies L= L#.
Proposition 1.2.2 [14, Lemma 4.4]. Every self-dual lattice chain L in V contains a unique
slice of the form
L#r−1  · · ·  L#0 ⊃ L0  · · ·  Lr−1 ⊃ L#r−1
for some positive integer r , where possibly L#0 = L0 or Lr−1 = L#r−1.
Definition 1.2.3. Let L be a lattice chain in V and M = L#. We say that (L,M) is a
C-chain in V , if L ∪M is a lattice chain in V , and if L= {Li}i∈Z andM= {Mi}i∈Z are
numbered so that
L∪M : · · ·  Mi ⊃ Li  Mi+1 ⊃ Li+1  · · · .
Remark 1.2.4. This definition also differs from the original one of [13, 4.3], however we
may adopt the present definition by virtue of [13, Lemma 4.4].
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in EndF (V ) associated to L andM, respectively, and by P(L) and P(M) the respective
Jacobson radicals. SinceM= L#, the involution, σ , in 1.1 satisfies
σ
(
P(L))= P(M).
Following [13, 4.5 and 4.11], we define the O-submodules of EndF (V ) by
B2i = P(L)i ∩P(M)i, B2i+1 = P(L)i+1 + P(M)i+1
for all integers i . Then by [13, 4.5 and 4.10],
B2i ⊃ B2i+1 ⊃ B2i+2,
and Bi = Bi+2e , for i ∈ Z, where e = e(L). If L=M, then
B2i−1 = B2i for i ∈ Z. (1.3.1)
The O-submodules make a filtration on EndF (V ), which is called a C-filtration.
Denote by tr0 the composition of the traces:
tr0 = TrF/F0 ◦ tr,
where TrF/F0 is the trace map from F to F0, and tr is the usual trace in EndF (V ). For a
O-lattice, Γ , in EndF (V ), we define
Γ ∗ = {X ∈ EndF (V ) ∣∣ tr0(XΓ ) ⊂ P0}= {X ∈ EndF (V ) ∣∣ tr(XΓ ) ⊂ P}.
Lemma 1.3.1. With notation defined as above, we have
(B2i )
∗ = B1−2i , i ∈ Z.
Proof. This follows easily from [1]. 
1.4. We shall see that any C-chain (L,M) in V is a self-dual lattice sequence in the
sense of [19, Section 1].
We recall the following definition.
Definition 1.4.1 [4, 2.1]. A function Λ : Z → {O-lattice in V } is called a lattice sequence
in V if it satisfies the following conditions:
(1) Λ(k) ⊃ Λ(k + 1), for k ∈ Z;
(2) there exists a positive integer, e, such that PΛ(k) = Λ(k + e), for k ∈ Z.
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If Λ(k) = Λ(k + 1) for all k ∈ Z in (1), then the O-lattices Λ(k) for k ∈ Z, form a
lattice chain in V .
For a lattice sequence Λ in V , we define O-submodules of EndF (V ) by
ai = ai (Λ) =
{
X ∈ EndF (V )
∣∣XΛ(k) ⊂ Λ(k + i) for all k ∈ Z},
for i ∈ Z.
Proposition 1.4.2 [4, Propositions 2.3 and 2.10]. With notation and assumptions be as
given above:
(1) a0 is the hereditary order in EndF (V ) which is associated to the lattice chain
{Λ(k)}k∈Z in V , and a1 is its Jacobson radical;
(2) Pai = ai+e(Λ) for i ∈ Z;
(3) aiaj ⊂ ai+j for i, j ∈ Z;
(4) a∗i = a1−i for i ∈ Z.
Definition 1.4.3 [19, Section 1]. Let Λ be a lattice sequence in V . Then Λ is called self-
dual if there exists an integer d such that
Λ(k)# = Λ(d − k) for k ∈ Z.
Lemma 1.4.4. If Λ is a self-dual lattice sequence in V , then the involution σ satisfies
σ
(
ai (Λ)
)= ai (Λ) for i ∈ Z.
Proof. If X ∈ ai (Λ), then for k ∈ Z, by the definition we have
f
(
Λ(k + i)#, σ (X)Λ(k))= f (Λ(d − k − i), σ (X)Λ(k))= f (XΛ(d − k − i),Λ(k))
⊂ f (Λ(d − k),Λ(k))= f (Λ(k)#,Λ(k))⊂ P .
This implies σ(X)Λ(k) ⊂ Λ(k + i)## = Λ(k + i), for k ∈ Z, so that σ(X) ∈ ai (Λ). This
immediately proves the equality of the assertion and thus the proof is completed. 
Let (L,M) be a C-chain in V with L= {Li}i∈Z andM= {Mi}i∈Z numbered as in 1.2.
We define a function Λ : Z → {O-lattice in V } by
Λ(2k) = Mk, Λ(2k + 1)= Lk for k ∈ Z. (1.4.1)
It is immediately clear that Λ is a lattice sequence in V satisfying e(Λ) = 2e(L)= 2e(M),
and moreover, as claimed above, we can prove the following:
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ai (Λ) = Bi for i ∈ Z,
where the Bi ’s are the O-submodules of EndF (V ) defined by (L,M) in 1.3.
Proof. There exists a unique integer c satisfying L#0 = Mc. Thus for i ∈ Z,
L#i = Mc−i , M#i = Lc−i .
We shall determine the value of c in Lemma 2.4.1 below. Hence, putting d = 2c − 1, we
can see Λ(k)# = Λ(d − k), for k ∈ Z, that is, Λ is self-dual.
Since L= {Li}i∈Z andM= {Mi}i∈Z, by definition,
B2i = P(L)i ∩ P(M)i =
{
X ∈ EndF (V )
∣∣XΛ(k) ⊂ Λ(k + 2i) for k ∈ Z}
= a2i(Λ)
for i ∈ Z. Furthermore, we have by Lemmas 1.3.1 and 1.4.2(4),
B2i+1 = (B−2i )∗ = a−2i(Λ)∗ = a2i+1(Λ)
for i ∈ Z. This completes the proof. 
For such a lattice sequence Λ defined by a C-chain (L,M), we write Λ = (L,M) and
again call it a C-chain in V .
2. Fundamental C-strata
2.1. Let Λ be a self-dual lattice sequence in V with e = e(Λ). By Proposition 1.4.2,
from {ai (Λ)}i∈Z above, we can define open compact subgroups of G and their filtration as
follows:
PΛ = PΛ,0 = a0(Λ)∩G,
and for each positive integer i ,
PΛ,i =
(
1 + ai (Λ)
)∩G.
We also define a filtration on the Lie algebra g by
gΛ,i = ai (Λ)∩ g,
for each integer i . Then PΛ,i and gΛ,i are invariant under conjugation by the elements of
PΛ, for each i . By Lemma 1.4.2(3), for integers i, j with 2i  j  i  1, PΛ,i/PΛ,j is an
abelian group. We denote by (PΛ,i/PΛ,j )∧ the Pontrjagin dual of this group.
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ψ0 ◦ tr0 is a character of F , with conductor P .
Proposition 2.1.1 [19, 1.2]. For integers i, j with 2i  j  i  1, there exists a PΛ-equi-
variant isomorphism of abelian groups
gΛ,1−j /gΛ,1−i  (PΛ,i/PΛ,j )∧, b + gΛ,1−i → ψb,
where ψb(p) = Ω0(tr0(b(p − 1))) for p ∈ PΛ,i .
For such a character ψb as defined in Proposition 2.1.1, we say that it is represented by
the coset b + gΛ,1−i .
Definition 2.1.2. Let Λ be a self-dual lattice sequence in V . A pair (Λ,n,ψ) is called a
stratum if it satisfies the following conditions:
(1) When n > 0, ψ = ψb is a character of PΛ,n trivial on PΛ,n+1, and is represented by
the coset b + gΛ,1−n.
(2) When n = 0, ψ is an irreducible representation of the inverse image P 0Λ of the identity
component P 0Λ of PΛ = PΛ/PΛ,1 which is trivial on PΛ,1.
In particular, we say that (Λ,n,ψ) is a C-stratum if Λ = (L,M) is a C-chain in V and n
is even.
Further, we say that an irreducible representation, π , of G contains a stratum (Λ,n,ψ)
with n > 0 (respectively n = 0), if the restriction of π to PΛ,n (respectively P 0Λ)
contains ψ .
We note that PΛ = PΛ/PΛ,1 defined above is the group of F0-rational points in a
reductive algebraic group defined over F0 = O0/P0. We shall call n/e(Λ) the level of
the stratum (Λ,n,ψ).
Definition 2.1.3. A stratum (Λ,n,ψ) is called fundamental, if it satisfies the following
conditions:
(1) When n > 0, the coset b + a1−n(Λ) (note, not b + gΛ,1−n!) does not contain any
nilpotent elements.
(2) When n = 0, ψ is cuspidal in the sense of [7] as an irreducible representation of P 0Λ.
The following lemma is presented in preparation for future use.
Lemma 2.1.4. Let Λ = (L,M) be a C-chain in V and x ∈ a2i(Λ) for an integer i . The
following conditions are equivalent:
(1) The coset x + a2i+1(Λ) contains a nilpotent element.
(2) There exists an integer n 1 such that xn ∈ a2ni+1(Λ).
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x2n ∈ a4ni+2(Λ) ⊂ P(L)2ni+1. Hence, by [1, Lemma 2.1], x + P(L)i+1 ⊂ x + a2i+1(Λ)
contains a nilpotent element, that is, (1) is true. The proof is completed. 
Remark 2.1.5. A stratum (Λ,n,ψb) of positive level in Definition 2.1.2 corresponds to a
4-tuple [Λ,n,n − 1, b] that is a skew stratum in the sense of [20, 2.2]. By Lemma 2.1.4,
we see that if a C-stratum (Λ,n,ψ) is fundamental, then the corresponding skew stratum
[Λ,n,n− 1, b] is also fundamental in the sense of [20, 2.2].
2.2. Here we point out the incompleteness of the proof of [13, Theorem 8.8].
In [13, Section 8], a stratum of positive level means a 4-tuple ((L,M), n,ψb,ψ), where
ψ is a certain character of a subgroup J2n of G, which satisfies P2n+1 ⊂ J2n ⊂ P2n, with
the other notation defined as above. It is said that an irreducible smooth representation π of
G contains a stratum ((L,M), n,ψb,ψ), if π |J2n contains ψ . Theorem 8.8 of [13] states
that if π contains a stratum ((L,M), n,ψb,ψ) of positive level that is not fundamental,
then it contains a stratum whose level is properly inferior to the level n/e(L). Since the only
condition imposed on π is that π |J2n contains ψ , in order to prove this statement, we have
to construct a C-chain (L′,M′) with a positive integer n′ satisfying n/e(L) > n′/e(L′)
and ψ|P ′2n′+1 ≡ 1 (cf. [13, Proposition 7.11]). In particular, we need to prove J2n ⊃ P
′
2n′+1.
However, this result cannot be derived from the arguments presented in [13].
2.3. For a classical group G defined as in 1.1, we supplement the arguments of [13], and
modify the statement of Theorems 8.8 and 8.9 of that study in terms of C-strata.
Let Λ = (L,M) be a C-chain in V and {Bi}i∈Z be the set of the corresponding O-
submodules of EndF (V ), as in 1.2. Then we get a Z-graded algebra,
B =
⊕
j∈Z
B2j /B2j+1.
Here we recall Bi = ai (Λ), for i ∈ Z, by Lemma 1.4.5. By Lemma 1.4.4, the involution
σ induces involutions on B2j /B2j+1 for all j ∈ Z, and so on B. We denote these again
by σ . Defining
(B2j /B2j+1)− =
{
x ∈ B2j /B2j+1
∣∣ x + σ(x) = 0}
for j ∈ Z, then by [13, Lemma 6.1], the map x + gΛ,2j+1 → x + B2j+1 induces an
isomorphism
gΛ,2j /gΛ,2j+1  (B2j /B2j+1)−,
for j ∈ Z.
We say that the coset x = x + B2j+1, with x ∈ B2j , is skew, if it belongs to
(B2j /B2j+1)−, while we say that the coset is nilpotent, if it is nilpotent in the Z-graded
algebra B.
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where x ∈ B2j , be skew and nilpotent. Then there exists a C-chain (L′,M′) in V , and an
integer j ′, that satisfy the following conditions:
x +B2j+1 ⊂ B′2j ′ , j ′/e(L′) > j/e(L),
where B′2j ′ is a O-submodule of EndF (V ) associated with (L′,M′) in 1.3.
By this proposition, we get the following theorem, which is an improvement of [13,
Theorem 8.8].
Theorem 2.3.2 [12, Theorem 5.4.1]. Assume that an irreducible smooth representation
π of G does not contain C-strata of level zero. Then any C-stratum (Λ,n,ψb) of positive
level which is contained in π , and whose n/e(Λ) is minimal for C-strata contained in π , is
fundamental. Furthermore, if π contains an another fundamental C-stratum (Λ′, n′,ψb′),
there exists g ∈ G such that(
b + a1−n(Λ)
)∩ g(b′ + a1−n′(Λ′))g−1 = ∅,
and n/e(Λ) = n′/e(Λ′).
This theorem and [13, Theorem 8.9] together yield the following corollary.
Corollary 2.3.3. Any irreducible smooth representation of G always contains a fundamen-
tal C-stratum.
By making use of the method of Morris [13], Miyauchi [12] proved Proposition 2.3.1
and Theorem 2.3.2. An outline of these proofs is presented here.
2.4. Assume that (L,M) is a C-chain in V . Then, by definition, numberings of
successive lattices for L,M is chosen so that
L∪M : · · ·  Mi ⊃ Li  Mi+1 ⊃ Li+1  · · · .
We have seen previously in the proof of Lemma 1.4.5 that
L#i = Mc−i . (2.4.1)
On the other hand, sinceN = L∪M is self-dual, by Proposition 1.2.2 it may be numbered
as N = {Ni}i∈Z so that it contains the self-dual slice
N#r−1  · · ·  N#0 ⊃ N0  · · ·  Nr−1 ⊃ N#r−1
for some positive integer r .
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for L= {Li} andM= {Mi} can further be chosen so that the integer c of (2.4.1) is given
as follows:
(1) When N0 ∈ L∩M and N#0 = N0, c = 0.
(2) When N0 ∈ L∩M and N#0  N0, c = −1.
(3) When N0 ∈ L\M, c = 0.
(4) When N0 ∈M\L, c = −1.
Proof. In each case, we can number L= {Li} andM= {Mi} as follows:
(1) · · ·  M−1 ⊃ L−1  M0 = N#0 = N0 = L0  M1 ⊃ L1  · · ·.
(2) · · ·  M−2 ⊃ L−2  M−1 = L−1 = N#0  N0 = M0 = L0  M1 ⊃ L1  · · ·.
(3) · · ·  M−1 ⊃ L−1  M0 = N#0  N0 = L0  M1 ⊃ L1  · · ·.
(4) · · ·  M−1  L−1 = N#0  N0 = M0  L0  M1 ⊃ L1  · · ·.
This proves the lemma. 
Henceforth, assume that numberings of L andM for a C-chain (L,M) in V are chosen
as in Lemma 2.4.1. SetN = L∪M and writeN = {Nj }j∈Z as well. For each i, j ∈ Z, set
U˜i = Li/Mi+1, V˜i = Mi+1/Li+1, N˜j = Nj/Nj+1,
and further
U˜ =
⊕
i∈Z
U˜i, V˜ =
⊕
i∈Z
V˜i , N˜ =
⊕
j∈Z
N˜j .
Multiplication by  induces an isomorphism U˜i  U˜i+e , where e = e(L), thus we can set
U = U˜/〈x − x | x ∈ U˜ 〉
as in [13, 5.2], and naturally obtain
U =
⊕
i∈Z/eZ
Ui.
Similarly,
V =
⊕
i∈Z/eZ
V i, N =
⊕
j∈Z/e0Z
Nj ,
where e0 = e(N ). Thus we have N = U × V . From the form f on V , we obtain a non-
degenerate form f on N as in [13, 5.7] and have
f = f × f , (2.4.2)U V
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[13, 5.14] (cf. [12, 3.4–3.10]). We must slightly modify the multiplication by  in the
definition of the forms mod P according to the definition of the dual lattice in 1.2. For c
in Lemma 2.4.1, we have
f U(Ui,Uj ) = 0 ⇐⇒ i + j ≡ c − 1 mod e,
f V (V i,V j ) = 0 ⇒ i + j ≡ c − 2 mode.
2.5. For each integer j , we define
End(U˜)j =
{
x ∈ End(U˜) ∣∣ xU˜i ⊂ U˜i+j for all i ∈ Z},
and similarly End(U)j , End(V˜ )j , and End(V )j . Let B2j = B2j /B2j+1.
Associated with x +B2j+1 ∈ B2j , we can define x˜U˜ ∈ End(U˜)j and x˜V˜ ∈ End(V˜ )j by
x˜U˜ :Li/Mi+1 −→ Li+j /Mi+j+1, +Mi+1 −→ x+Mi+j+1,
x˜V˜ :Mi+1/Li+1 −→ Mi+j+1/Li+j+1, m+Li+1 −→ xm+Li+j+1,
respectively. Since x = x , these maps define xU ∈ End(U)j , xV ∈ End(V )j . Hence
we obtain the map
x +B2j+1 −→ (xU , xV ) : B2j −→ End(U)j × End(V )j , (2.5.1)
together with the commutative diagram
B2j ×B2m
(
End(U)j × End(V )j
)× (End(U)m × End(V )m)
B2(j+m) End(U)j+m × End(V )j+m,
where the vertical maps are given by natural compositions.
2.6. In order to prove Proposition 2.3.1, we construct a certain C-chain (L′,M′), which
has previously been described in [12, Section 4].
Assume that x + B2j+1 is skew and nilpotent as in Proposition 2.3.1. Then it follows
from 2.5 that xU ∈ End(U)j (respectively xV ∈ End(V )j ) is obtained, and is also skew
and nilpotent with respect to f U (respectively f V ). Thus, by [13, 3.4], we get a sl2-
triple in End(U) (respectively End(V )) from f U (respectively f V ) and then weight spaces
on U (respectively V ) for its semisimple element as follows: fix an integer k0 with
Uk0 = Uk0(λ0), the weight space defined by [13, 3.4 and 6.9]. When an integer appears
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xU ∈ End(U)j is nilpotent, there exists a minimal positive integer r(0) such that
(xU )
r(0)Uk0 = (0).
Upon setting
h0 = k0 + r(0)j,
there similarly exists a minimal non-negative integer s(0) such that
(xV )
s(0)V h0 = (0).
Hence, as in [13, 7.3], we get the following weight spaces:
Uk0(λ0), Uk0+j (λ0 + 2), . . . , Uk0+(r(0)−1)j
(
λ0 + 2(r(0)− 1)
)
,
V h0(µ0), V h0+j (µ0 + 2), . . . , V h0+(s(0)−1)j
(
µ0 + 2(s(0)− 1)
)
for some integers λ0 and µ0. Inductively we set ki = hi−1 + s(i − 1)j + 1, hi = ki + r(i)j
and for an integer  with 0 <  e = e(L), we obtain
Uk1(λ1), Uk1+j (λ1 + 2), . . . , Uk1+(r(1)−1)j
(
λ1 + 2(r(1)− 1)
)
,
V h1(µ1), V h1+j (µ1 + 2), . . . , V h1+(s(1)−1)j
(
µ1 + 2(s(1)− 1)
)
,
· · ·
Uk−1(λ−1), Uk−1+j (λ−1 + 2), . . . , Uk−1+(r(−1)−1)j
(
λ−1 + 2
(
r(− 1)− 1)),
V h−1(µ−1), V h−1+j (µ−1 + 2), . . . , V h−1+(s(−1)−1)j
(
µ−1 + 2
(
s( − 1)− 1)).
Here we may choose the set of integers k0, . . . , k so that k0 ≡ k mod e and km is not
congruent to km′ mod e for 0m <m′ < . We may similarly select the set of h0, . . . , h.
These weight spaces are all non-zero and mutually distinct. We note that s(i) 0 and that
V hi = (0) ⇔ s(i) = 0. Let L′ be the set of these weight spaces. Then we see that L′ is a
graded flag in N in the sense of [13, Lemma 7.1(b)] and we obtain a lattice chain L′ in V .
In fact, for integers i, m, n, set Ui,m,n to be the inverse image in Lki+mj+en of the weight
space Uki+mj (λi + 2m) under the canonical projection Lki+mj+en → Uki+mj . Then it is
also an O-lattice in V and satisfies
Lki+mj+en ⊃ Ui,m,n  Mki+mj+en+1.
For integers i, m, n, we similarly define an O-lattice Vi,m,n in V associated with the
weight space V hi+mj (µi + 2m). This O-lattice satisfies
Mhi+mj+en+1 ⊃ Vi,m,n  Lhi+mj+en+1.
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L′ = {Ui,m,n, Vi,m,n}i,m,n,
it may be observed that L′ is a lattice chain in V .
Remark 2.6.1. To make the proof of [13, Theorem 8.8] complete, in contrast to the proof
presented in 7.3 of that study, it is necessary to consider not only the weight spaces Uk(λ)’s,
but also the V k(µ)’s as defined above.
2.7. Extending [13, 7.6], we define a map Ix :L′ →L′ as follows:
IxUi,m,n =

Ui,m+1,n if m< r(i)− 1,
Vi,0,n′ if m = r(i)− 1, V hi = (0) (hi + en′ = ki + r(i)j + en),
Ui+1,0,n′ if m = r(i)− 1, V hi = (0) (ki+1 + en′ = ki + r(i)j + en+ 1),
IxVi,m,n =
{
Vi,m+1,n if m< s(i)− 1,
Ui+1,0,n′ if m = s(i)− 1 (ki+1 + en′ = hi + s(i)j + en+ 1).
Lemma 2.7.1. Retaining the same notation and assumptions as given above,
(1) Let L = Ui,m,n ∈L′ with Lα ⊃ L  Mα+1, where α = ki +mj + en. Then
Lα+j ⊃ IxL  Mα+j+1 if m< r(i)− 1, and
IxL = Mα+j+1 if m = r(i)− 1.
(2) Let L = Vi,m,n ∈L′ with Mβ+1 ⊃ L  Lβ+1, where β = hi +mj + em. Then
Mβ+j+1 ⊃ IxL  Lβ+j+1 if m< s(i)− 1, and
IxL = Lβ+j+1 if m = s(i)− 1.
Furthermore, it may be observed that if L  L′ in L′, then IxL ⊃ IxL′ [12,
Lemma 4.10.1]. Let a = Card(L′) be the cardinality of L′. Then by the definition, we
have
a =
−1∑
i=0
(
r(i)+ s(i)).
Consider
j ′ = (aj + )/e. (2.7.1)
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L ∈ L′, then it can be easily seen that Iax L = j ′L. Hence it follows that Ix is a bijection
from L′ onto L′, and the lattice chain L′ is given by
L′ = {iIjx L ∣∣ i ∈ Z, 0 j  a − 1}.
By the definition of Ix , we have a = e(L′) and
x +B2j+1 ⊂ P(L′)j ′ (2.7.2)
[12, Proposition 4.11.1].
2.8. Let Uk(λ) be an element of L′ introduced in 2.7. We define
Uk(λ)
⊥ = {x ∈ Uc−k−1 ∣∣ f U (x,Uk(λ))≡ (0)},
where the integer c is that introduced in 2.4. We then have
Uk(λ)
⊥ = Uc−k−1(1 − λ),
as in [13, 7.12]. Similarly, for V h(µ) in L′ we have
V h(µ)
⊥ = {x ∈ V c−h−2 ∣∣ f V (x,V h(µ))≡ (0)}= V c−h−2(1 −µ).
If we introduce
L′⊥ = {W⊥ ∣∣W ∈ L′},
then L′⊥ is a graded flag, as is L′ ∪L′⊥ (see [13, 7.1]). Upon setting
M′ = L′#,
then M′ is obtained from L′⊥ in a similar manner as that used to obtain L′ is from L′
in 2.6, and L′ ∪M′ is a self-dual lattice chain in V . Hence, by (2.7.2) we obtain
x +B2j+1 ⊂ P(L′)j ′ ∩ P(M′)j ′ = B′2j ′ ,
while by (2.7.1) we obtain
j ′/a = (aj + )/ae > aj/ae = j/e.
Finally, in order to complete the proof of Proposition 2.3.1, it is enough to show that L′
andM′ make a C-chain in V , that is, that they satisfy the conditions of Definition 1.2.3.
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I #xM =
(
I−1x M#
)#
for all M ∈M′. Since Iax = j ′ , we have that (I #x )a = j ′ . By the definition of Ix in 2.7,
we can describe I−1x L for L ∈ L′. Since I #x L# = (I−1x L)#, the map I #x is hence given as
follows:
I #x U
#
i,m,n =

U#i,m−1,n if m> 0,
V #
i−1,s(i−1)−1,n′ if m = 0, V hi−1 = (0)
(hi−1 + s(i − 1)j + en′ + 1 = ki + en),
U#
i−1,r(i−1)j−1,n′ if m = 0, V hi−1 = (0)
(ki−1 + r(i − 1)j + en′ + 1 = ki + en),
I #x V
#
i,m,n =
{
V #i,m−1,n if m> 0,
U#
i,r(i)j−1,n′ if m = 0 (ki + r(i)j + en′ = hi + en).
Lemma 2.9.1. Let notation and assumptions be as above.
(1) Let M = U#i,m,n ∈ M′. Then Lc−α−1  M ⊃ Mc−α , where α = ki + mj + en.
Furthermore,
Lc−α−1+j  I #xM ⊃ Mc−α+j if m > 0,
Mc−α+j  I #x M ⊃ Lc−α+j if m = 0, V hi−1 = (0), and
Lc−α+j  I #xM ⊃ Mc−α+j+1 if m = 0, V hi−1 = (0).
(2) Let M = V #i,m,n ∈M′. Then Mc−β−1  M ⊃ Lc−β−1, where β = hi + mj + en.
Furthermore,
Mc−β−1+j  I #xM ⊃ Lc−β−1+j if m> 0, and
Lc−β−1+j  I #xM ⊃ Mc−β+j if m = 0.
Using Lemmas 2.7.1 and 2.9.1, we can prove the following lemma, which is the same
as [13, Lemma 7.13]. The proof is elementary, but somewhat long and tedious.
Lemma 2.9.2 [12, Lemma 4.13.1]. Let notation and assumptions be as above.
(1) If L ∈L′, M ∈M′ satisfy M  L,
I #xM ⊃ IxL.
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IxL ⊃ I #xM.
(3) If L ∈L′ ∩M′,
I #x L ⊃ IxL.
Finally, in a similar way to [13, 7.14 and 7.15], we can prove that L′ andM′ satisfy the
conditions C(i) and C(ii) of [13, 4.3] by using Lemma 2.9.2 (cf. [12, 4.14–4.16]).
2.10. We now proceed to prove Theorem 2.3.2. We assume that a C-stratum (Λ,n,ψb),
with Λ = (L,M), is not fundamental. From this assumption, b + B1−n = b + a1−n(Λ)
contains a nilpotent element and thus it is skew and nilpotent in B =⊕i∈ZB2i/B2i+1.
By Proposition 2.3.1, there exists a C-chain (L′,M′) in V and an integer j ′, such that
b +B1−n ⊂ B′2j ′ , 2j ′/e′ > −n/e,
where e = e(L) and e′ = e(L′). By (2.7.1),
j ′ = {−ne′/2 + }/e
for the integer  with 0 <  e′. Thus we have
n′ = −2j ′  0.
By Lemmas 1.4.2 and 1.4.5,
Bn = (B1−n)∗ ⊃
(
B′2j ′
)∗ = B′n′+1.
Introducing Λ′ = (L′,M′), we hence have
PΛ,n ⊃ PΛ′,n′+1.
Since b + gΛ,1−n ⊂ gΛ′,−n′ = g ∩ B′−n′ , we have ψb|PΛ′,n′+1 ≡ 1. Further, since π
contains ψb , it has a non-zero PΛ′,n′+1-fixed vector, and hence it contains a C-stratum
(Λ′, n′,ψ ′). However n′/2e′ < n/2e; this contradicts that the level n/2e = n/e(Λ) of
(Λ,n,ψb) is minimal. The first assertion has been proved.
The second assertion can be proved in a similar way to the proof of [8, Theorem 4.1]
(cf. [17, Section 7]), and we leave the proof as an exercise to the reader. The proof of
Theorem 2.3.2 is complete.
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3.1. We can obtain an analogue of [1, (3.4)] for GLn.
Proposition 3.1.1. Assume that an irreducible representation π of G contains a
fundamental C-stratum (Λ,n,ψb) of positive level. Let a = gcd(e(Λ)/2, n/2), n = n′a,
and e(Λ) = e′a. Then π contains a fundamental C-stratum (Λ′, n′,ψb′) of positive level
satisfying e(Λ′) = e′, that is, gcd(e(Λ′), n′) = 2.
Proof. In the case of a = 1, there is nothing to prove, assume therefore that a > 1. Since
Λ is a C-chain in V ,
Λ(2i)⊃ Λ(2i + 1)  Λ(2i + 2), Λ(i)# = Λ(d − i) with d = 2c + 1,
for i ∈ Z, where c = −1 or 0 is determined in Lemma 2.4.1. From Λ, we define a function
Λ′ from Z to the set of O-lattices in V by
Λ′(2i) = Λ(2ai + c), Λ′(2i + 1) = Λ(2ai + c + 1),
for i ∈ Z. First we prove that Λ′ is a C-chain in V . Since a > 1, we have
Λ′(2i) ⊃ Λ′(2i + 1) = Λ(2ai + c + 1)  Λ(2ai + 2a + c) = Λ′(2i + 2)
and e(Λ′) = e(Λ)/a = e′. Hence Λ′ is a lattice sequence in V . Further, by definition, we
can show Λ′(2i)# = Λ′(−2i+ 1), Λ′(2i+ 1)# = Λ′(−2i), for i ∈ Z, which shows that Λ′
is self-dual. Hence it follows that it is a C-chain in V . By definition, it is immediately seen
that n′ is even and
a−n(Λ) ⊂ a−n′(Λ′).
Furthermore, we will now prove that a1−n′(Λ′) ⊂ a1−n(Λ). Let i = ak+, with 0  < a.
Then
a1−n′(Λ′)Λ(2i + c + 1) = a1−n′(Λ′)Λ(2ak + 2+ c + 1) ⊂ a1−n′(Λ′)Λ(2ak + c + 1)
= a1−n′(Λ′)Λ′(2k + 1) ⊂ Λ′(2k + 2 − n′)
= Λ(2ak + 2a − n+ c) ⊂ Λ(2ak + 2+ 2 − n + c)
= Λ(2i + c + 2 − n).
If i = ak, then
a1−n′(Λ′)Λ(2i + c) = a1−n′(Λ′)Λ(2ak + c) = a1−n′(Λ′)Λ′(2k) ⊂ Λ′(2k + 1 − n′)
= Λ(2ak − n+ 1 + c)= Λ(2i + c + 1 − n).
If i = ak + , 0 < < a, then
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= a1−n′(Λ′)Λ′(2k + 1) ⊂ Λ′(2k + 2 − n′)
= Λ(2ak + 2a − n+ c) ⊂ Λ(2ak + 2+ 1 − n + c)
= Λ(2i + c + 1 − n).
Thus a1−n′(Λ′) ⊂ a1−n(Λ). In summary,
a1−n′(Λ′) ⊂ a1−n(Λ) ⊂ a−n(Λ) ⊂ a−n′(Λ′).
Hence we have
PΛ′,n′+1 ⊂ PΛ,n+1 ⊂ PΛ,n ⊂ PΛ′,n′ .
By the assumption, it follows that π contains a C-stratum (Λ′, n′,ψb′) for some b′ ∈
b+ gΛ,1−n. Here b′ ∈ a1−n′(Λ′) and ψb′ |PΛ,n ≡ ψb . Since b′ + a1−n′(Λ′) ⊂ b+ a1−n(Λ),
the former coset contains no nilpotent elements, and thus (Λ′, n′,ψb′) is fundamental. The
proof is complete. 
3.2. Let (Λ,n,ψb) be a C-stratum of positive level and g = gcd(e(Λ),n). Then the
coset b + a1−n(Λ) corresponds to ψb ∈ (PΛ,n/PΛ,n+1)∧. Upon setting
y = n/gbe(Λ)/g,
we have y ∈ a0(Λ) and y + a1(Λ) depends only on b + a1−n(Λ). If we denote by Φb(t)
the monic characteristic polynomial of y ∈ EndF (V ), then Φb(t) ∈ O[t]. Let
φb(t) = Φb(t) modP .
Then φb(t) is in F [t] and because it depends only on y + a1(Λ), φb(t) depends only on
(Λ,n,ψb). We call φb(t) the characteristic polynomial of (Λ,n,ψb).
If we set e(Λ) = 2e, then there exists a natural isomorphism
a0(Λ)/a1(Λ) 
∏
i∈Z/2eZ
EndF
(
Λ(i)
Λ(i + 1)
)

∏
i∈Z/eZ
EndF
(
Λ(2i + 1)
Λ(2i + 2)
)
×
∏
i∈Z/eZ
EndF
(
Λ(2i)
Λ(2i + 1)
)
.
Under this isomorphism, we may identify
y + a1(Λ) = (αi)i × (βi)i, (3.2.1)
where for i ∈ Z/eZ, αi ∈ EndF (Λ(2i + 1)/Λ(2i + 2)) and βi ∈ EndF (Λ(2i)/Λ(2i + 1)).
For i ∈ Z/eZ, let fi(t) and gi(t) be the monic characteristic polynomials over F of αi
and βi , respectively.
56 K. Kariyama, M. Miyauchi / Journal of Algebra 279 (2004) 38–60Lemma 3.2.1. For an (m,n)-matrix A and an (n,m)-matrix B , whose coefficients are
in an algebraically closed field, the non-zero eigenvalues of AB and BA (counted with
multiplicity) coincide.
Proof. This is a easy exercise of elementary linear algebra (cf. [18, Example 2 and the
Remark in IV, Section 1]). 
Proposition 3.2.2. Let (Λ,n,ψb) be a fundamental C-stratum of positive level satisfying
gcd(e(Λ),n) = 2, and φb(t), fi(t) and gi(t), for i ∈ Z/eZ be as above. Then φb(t) is not
a monomial, and there exist , m ∈ Z/eZ which satisfy the following conditions:
(1) Every fi(t) (respectively gi(t)) has the form fi(t) = f(t)tn′i (respectively gi(t) =
gm(t)t
m′i ) for some non-negative integer n′i (respectively m′i ), for i ∈ Z/eZ.
(2) The polynomials f(t) and gm(t) are not both monomials. If Λ = (L,M) satisfies
L∩M = ∅, then gm(t) is a monomial.
Proof. Assume that φb(t) is a monomial. Introducing N = dimF (V ), we have that
yN = Nn/2bNe(Λ)/2 = Nn/2bNe ∈ Pa0(Λ) ⊂ a1(Λ). Thus bNe = −Nn/2yN ∈
a−Nne+1(Λ). Since b ∈ a−n(Λ), by Lemma 2.1.4, b + a1−n(Λ) contains a nilpotent
element. However, this contradicts that (Λ,n,ψb) is fundamental. Hence φb(t) is not a
monomial.
By [4, 2.4], the map (2.5.1) with 2j = −n is translated to the following bijection in
terms of lattice sequences defined above:
a−n(Λ)/a1−n(Λ) 
∏
i∈Z/2eZ
HomF
(
Λ(i)
Λ(i + 1) ,
Λ(i − n)
Λ(i − n+ 1)
)

∏
i∈Z/eZ
HomF
(
Λ(2i + 1)
Λ(2i + 2) ,
Λ(2i + 1 − n)
Λ(2i + 2 − n)
)
×
∏
i∈Z/eZ
HomF
(
Λ(2i)
Λ(2i + 1) ,
Λ(2i − n)
Λ(2i + 1 − n)
)
.
Denoting by (γi)i × (δi)i the image of b + a1−n(Λ) under this bijection, then it follows
from the commutative diagram in 2.5, that the coefficients of y + a1(Λ) = (αi)i × (βi)i of
(3.2.1) are given by
αi = γi+(e−1)k · · ·γi+kγi and βi = δi+(e−1)k · · · δi+kδi,
for i ∈ Z/eZ, where k = −n/2 (cf. [6, Section 3]). Since gcd(e, k) = 1, for i ∈ Z/eZ, we
have {
i, i + k, . . . , i + (e − 1)k}= Z/eZ.
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the fact that φb(t) is not a monomial. Finally, if Λ satisfies L∩M = 0, there exists j ∈ Z
such that Λ(2j) = Mj = Lj = Λ(2j + 1) by (1.4.1). Thus δj = 0, and thus βi = 0 for all
i ∈ Z/eZ. Consequently, g(t) is a monomial. The proof is complete. 
Corollary 3.2.3. Assume that π is an irreducible smooth representation of G which
contains a fundamental C-stratum (Λ,n,ψb) with n > 0 and gcd(e(Λ),n) = 2. If the
characteristic polynomial φb(t) does not divided by t , then the C-chain Λ = (L,M)
satisfies L ∩M= ∅.
Proof. This follows immediately from Proposition 3.2.2. 
3.3. Denote by σ 0 the involution on F = O/P induced by σ0 on F . For h(t) =∑
i ait
i ∈ F [t], define
(σ 0h)(t) =
∑
i
σ 0(ai)t
i .
Definition 3.3.1 [20, 2.8]. Let (Λ,n,ψb) be a fundamental C-stratum of positive level,
with g = gcd(e(Λ),n). Then (Λ,n,ψb) is called split if the characteristic polynomial
φb(t) is factored into the product of mutually prime, monic polynomials over F as follows:
φb(t) = ±p(t)d (σ 0p)(−t)dh(t),
for some positive integer d , where p(−t) = ±(σ 0p)(t) is a non-constant, irreducible
polynomial and h(−t) = ±(σ 0h)(t).
If such a fundamental C-stratum (Λ,n,ψb) is not split, it is called non-split.
Proposition 3.3.2. A fundamental C-stratum (Λ,n,ψb) of positive level is non-split if and
only if the characteristic polynomial φb(t) is factored into the product of mutually prime,
irreducible, monic polynomials over F as follows:
φb(t) = p1(t)d1 · · ·pr(t)dr ,
for some positive integers d1, . . . , dr , and the factors further satisfy
pi(−t) = ±(σ 0pi)(t) for 1 i  r.
Proof. Straightforward. 
Proposition 3.3.3. Assume that an irreducible smooth representation π of G does not
contain C-strata of level zero. Then π does not contain both a split fundamental C-stratum
of positive level and a non-split one.
Proof. This follows directly from Theorem 2.3.2 (cf. [20, 3.1]). 
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treated).
It is easily seen that all the non-degenerate representations for G = Sp4(F ), which
are defined in [16], are fundamental C-strata. Those of positive level (according to our
definition) are classified into split and non-split C-strata as follows.
Let V be a F -vector space of dimension 4, equipped with a non-degenerate alternating
form f , G = Sp(V ,f ) and g the Lie algebra of G. Employing the notation of 1.3, let
(L,Ω) be a non-degenerate representation for G. Then the corresponding coset in [16, 4.1
and 5.1] has the following form:{
−i−1α + P(L)k+1 if L=M,
−i−1α +Bk+1 if L =M and L∩M = ∅
for a C-chain Λ = (L,M), α ∈ g and positive integers i and k. Put b = −i−1α. Then
the coset is written by b + B1−n for some positive integer n by (1.3.1), and (L,Ω) =
(PΛ,n,ψb). In [16, Section 1], the non-degenerate representations of positive level are
also classified into two types; unramified and ramified types. According to these types, we
obtain the following lists:
The number of α in [16] (n, e(Λ)) (L,M) Split/non-split
Unramified type
(4.1a) (8i,8) L=M split
(4.1b) (6i,6) L=M split or non-split
(4.1c) (4i,4) L=M split or non-split
(4.1d) (2i,2) L=M non-split
(4.1e) (2i,2) L=M non-split
Ramified type
(5.1a) (8i − 2,8) L=M non-split
(5.1b) (4i − 2,4) L=M non-split
(5.1c) (4i + 2,4) genuine non-split
(5.1d) (8i + 6,8) L=M non-split
(5.1e) (4i − 4,4) L=M non-split
where we say that (L,M) is genuine if it satisfies L =M and L ∩M = ∅.
The form of (n, e(Λ)) and (L,M) given in the above list follows from [16, Sections 1
and 4] (cf. (1.3.1)). In the unramified case, since e(Λ)/gcd(e(Λ),n) = 1, we can calculate
the characteristic polynomial φb(t) to determine the splitness as indicated in the list. In the
ramified case, except (5.1e), since e(Λ)/gcd(e(Λ),n) is even, (Λ,n,ψb) is non-split. In
the case of (5.1e), by the form of φb(t), it is also non-split.
Other examples of non-split fundamental C-strata which give supercuspidal repre-
sentations of classical groups G may be found in Morris [14,15], Kariyama [10], and
Stevens [19].
3.5. Using results of Howe–Moy [9] and Bushnell–Kutzko [3], we can obtain the
following results for a classical group G of Chevalley type.
K. Kariyama, M. Miyauchi / Journal of Algebra 279 (2004) 38–60 59Let (Λ,n,ψb) be a split fundamental C-stratum of positive level. Then there exists a
parabolic subalgebra p of g with Levi factor m that satisfies b ∈ m. Let P be the parabolic
subgroup of G with Levi factor M satisfying Lie(P ) = p and Lie(M) = m. Associated
with the character ψb , we can construct an open compact subgroup J of G and a character
τ of J that satisfy the following conditions:
(1) J ∩M = PΛ,n ∩M ,
(2) τ |J∩M= ψb |PΛ,n∩M .
Introducing τM = τ |J∩M , we can prove that if any smooth representation of G contains
ψb when restricted to PΛ,n, then it also contains τ when restricted to J , and there exists a
natural isomorphism of Hecke algebras,
H(G, τ) H(M, τM),
which is support-preserving. Furthermore, we can prove that if an irreducible smooth
representation of G contains a split fundamental C-stratum of positive level, then it is
not supercuspidal.
It may be noted that Stevens [20] obtained the same results using an alternative method
for general classical group G.
3.6. We can prove that if an irreducible smooth representation π of G contains a
fundamental C-stratum, then there exists a reductive subgroup G1 of G such that π
restricted to G1 contains fundamental C-stratum (Λ,n,ψb) in G1, where Λ = (L,L),
and where possibly G = G1. Furthermore, by using Proposition 3.1.1, we can prove that if
an irreducible smooth representation π of G contains a non-split fundamental C-stratum
of positive level, then it contains a fundamental stratum (Λ,n,ψb) in a reductive subgroup
G1 of G, such that Λ is strict and b is semi-simple as in [20, Definition 2.1].
These results will be further discussed elsewhere.
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